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Abstract 

We characterize the symmetric measures which satisfy the one dimensional convex infimum 
convolution inequality of Maurey. For these measures the tensorization argument yields the 
two level Talagrand’s concentration inequalities for their products and convex sets in M”. 
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1 Introduction 

In the past few decades a lot of attention has been devoted to study the concentration of measure 
phenomenon, especially the concentration properties of product measures on the Euclidean space 
M"". Through this note by |a;|p we denote the Ip norm on R"", namely \x\p = 
and let us take = {x G R" : A|p < 1}. We say that a Borel probability measure fi on 

R" satisfies concentration with a profile if for any set A C R"" with /i(A) > 1/2 we have 

+ tB^) > I — ap(t), t > 0, where B 2 is the Euclidean ball of radius 1, centred at the origin. 
Equivalently, for any 1-Lipschitz function / on R"" we have fi{{x : \f — Med^/| > t}) < 
f > 0, where Med^ / is a median of /. Moreover, the median can be replaced with the mean, see 
[Ll Proposition 1.8]. 

The usual way to reach concentration is via certain functional inequalities. For example, we 
say that /i satisfies Poincare inequality (sometimes also called the spectral gap inequality) with 
constant C, if for any / : R” —)■ R which is, say, smooth, we have 

Var„(/) <cf |V/|" d,.. (1) 

We assume that C is the best constant possible. This inequality implies the exponential concen¬ 
tration, namely, concentration with a profile = 2exp{—t/2'/C). The product exponential 

probability measure Un, be., measure with density 2“"exp(—|x|i), satisfies ([I]) with the constant 4 
(the one dimensional case goes back to [K]; for a one-line proof see Lemma 2.1 in lEH). From this 
fact (case n = 1) one can deduce, using the transportation argument, that any one-dimensional 
log-concave measure, i.e. the measure with the density of the form e~^, where V is convex, satisfies 
the Poincare inequality with a universal constant C. In fact, there is a so-called Muckenhoupt 
condition that fully characterize measures satisfying the one dimensional Poincare inequality, see 
|Mn] and [K]. Namely, let us assume, for simplicity, that our measure is symmetric. If the density 
of the absolutely continuous part of fi is equal to p then the optimal constant in ([1]) satisfies 

- ^ ^ B < C < 45, where B = sup 

(1 + \/ 2)2 - - ’ 


fi[x, 00 ) 


p{y) 


dy 
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In particular, the constant C is finite if i? < cxd. Suppose that /ii, ... /ii satisfy Poincare inequality 
with constant C. Then the same can be said about the product measure /x = /ii ® ® fin, due 

to tensorization property of ([T]) (see Corollary 5.7 in E). which follows immediately from the 
subadditivity of the variance. Thus, one can say that the Poincare inequality is fully understood 
in the case of product measures. 

A much stronger functional inequality that gives concentration is the so-called log-Sobolev 
inequality, 

Eiit„(/2) <2C j |V/P d^, (2) 

where for a function > 0 we set 



g\ng dfi - 



In 



It implies the Gaussian concentration phenomenon, i.e., concentration with a profile = 

exp(—t^/16G). As an example, the standard Gaussian measure 7 „, i.e., the measure with density 
satisfies ([2]) with the constant 1 (see [G]). As in ([1]), the log-Sobolev inequality 
possess similar terrorization properties and there is a full description of measures fi satisfying ([2]) 
on the real line, see jBG^ . Namely, the optimal constant G in ([2]) satisfies 

— B' < C < 93QB', where B' = sup i u[x, oo) In ( — -- ] [ —— dy \ . 

75 - - x>U \fi[x,oo)J Jo p{y) ""j 

Another way to concentration leads through the so-called property (r) (see [M] and |LW] ). A 
measure fi on M” is said to satisfy property (r) with a nonnegative cost function p if the inequality 



( 3 ) 


holds for every bounded measurable function / on M". Here fTdp = m.iy{f{y) + — y)} is the 

so-called infimum convolution. Property (r) implies concentration, see Lemma 4 in [M]. Namely, 
for every measurable set A we have 


fi{{x ^ A + {ip < f}}) < fi{A) *. 

In the seminal paper [M] Maurey showed that the exponential measure vi satisfies the infimum 
convolution inequality with a the cost function ip{t) = min{^f^, |(|f| — 2)}. As a consequence 
of tensorization (see Lemma 1 in [M]) we get that Vn satisfies ([3]) with the cost function ip{x) = 
This leads to the so-called Talagrand’s two level concentration, 

Vn (a -\- Q'^tB^ -l- >1- T7\\^ *’ 

(see Gorollary 1 in [M])- As we can see, this gives a stronger conclusion than the Poincare inequality. 
It is a well known fact that the property (r) with a cost function which is quadratic around 0, say 
(p{x) = C\x\^ for |x| < 1, implies the Poincare inequality with the constant 1/(4G), see Gorrolary 
3 in [M] • We shall sketch the argument in Section [2l 

The goal of this article is to investigate concentration properties of a wider class of measures, 
i.e., measures that may not even satisfy the Poincare inequality. For example, in the case of 
purely atomic measures one can easily construct a non-constant function / with J |V/p dfi = 0. 
However, one can still hope to get concentration if one restricts himself to the class of convex sets. 
It turns out that to reach exponential concentration for convex sets, it suffices to prove that the 
measure fi satisfies the convex Poincare inequality. Below we state the formal definition. 
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Definition 1. We say that a Borel probability measure /r on R satisfies the convex Poincare 
inequality with a constant Cp if for every convex function / : R —)■ R with f bounded we have 


Ve^TpfKCp [ (/')"d/i. 

Jm. 


( 4 ) 


Here we adopt the standard convention that for a locally Lipschitz function /: R —> R the 
gradient /' is defined by 



( 5 ) 


This definition applies in particular to convex /. If / is differentiable, (jS]) agrees with the usual 
derivative. 

We also need the following definition. 

Definition 2. Let h > 0 and A G [0,1). Let A4{h, A) be the class of symmetric measures on R, 
satisfying the condition /i[x + h, oo) < Xfi[x, oo) for a: > 0. Moreover, let A) be the class of 

measures supported on R+, satisfying the same condition. 

The inequality dlj has been investigated by Bobkov and Gotze, see |BG1 Theorem 4.2]. In 
particular, the authors proved (jl]) in the class A4{h,X) with a constant Cp depending only on h 
and A. This leads to the exponential concentration for 1-Lipschitz convex functions / (as well 
as the exponential concentration for convex sets) via the standard Herbst-like argument which 
actually goes back to ESI (see also, e.g.. Theorem 3.3 in [Q), by deriving the bound on the 
Laplace transform of /. 

It is worth mentioning that a much stronger condition ii[x + C/x,oo) < Xfi[x,oo), x > m, 
where m is a fixed positive number, has been considered. It implies log-Sobolev inequalities for 
log-convex functions and the Gaussian concentration of measure for convex sets. We refer to the 
nice study for the details. 

In [M] the author showed that every measure supported on a subset of R with diameter 1 
satisfies the convex property (r), i.e. the inequality (jS]) for convex functions /, with the cost 
function \\x\^ (see Theorem 3 therein). The aim of this note is to extend both this result and the 
convex Poincare inequality of Bobkov and Gotze. We introduce the following definition. 

Definition 3. Define 



We say that a Borel probability measure /r on R satisfies convex exponential property (r) with 
constant C-r if for any convex function / ; R —)■ R with inf f > —oo we have 



( 6 ) 


with (p{x) = ipo^x/Cr). 

We are ready to state our main result. 


Theorem 1. The following conditions are equivalent 
(a) fi e M.{h, X), 
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(b) There exists Cp > 0 such that fi satisfies the convex Poincare inequality with constant Cp, 

(c) There exists Cr > 0 such that fi satisfies the convex exponential property (r) with constant 

a. 

Moreover, (a) implies (c) with the constant = I7h/{1 — Xfi, (c) implies (b) with the constant 
Cp = and (b) implies (a) with h = s/SCp and X = 1/2. 

This generalizes Maurey’s theorem due to the fact that any symmetric measure supported on the 
interval [—1,1] belongs to M.{1, 0). 

It is well known that the convex property (r) tensorizes, namely, if have convex 

property (r) with cost functions (pi,.. .ipn then the product measure fi = pi® ...® fin has convex 
property (r) with <p{x) = [Ml Lemma 5]. Therefore Theorem [1] implies the 

following Corollary. 

Corollary 1. Let fii,..., fin & M{h, X) and let us take fi = pi®... ® fin- Define the cost function 
= Y^^=iToi^i/ClT), where Cr = 17h/(l — A)^. Then for any coordinate-wise convex function 
f (in particular, for any convex function) we have 

(^J df^ e~^ dfi^ < 1. (7) 

As a consequence, one can deduce the two-level concentration for convex sets and convex functions 
in M". 

Corollary 2. Let pi,..., G Al(h, A). Let Cr = I7h/{1 — Xfi. Take fi = fii ® ... ® fin- Then 
for any convex set A with fi{A) > 0 we have 

fi(A + V2tCrBf + 2tCrB^) > 1 - 44t- 
V / fi{A) 

Corollary 3. Let pi,..., G Ad (h. A). Let Cr = I7h/{1 — Xfi. Take fi = fii® ... ® fin- Then 
for any convex function f : M” —)■ M with 


we have 


and 


\f{x) - f{y)\2 < a\x - y\2, |/(x) - f{y)\i < b\x 

Tiif > Medp f + Crt}) < 2 exp |^-^min|^,^ 
T{{f < Medpf - Crt}) < 2 exp |^-^min ^ 






x,y e 


t > 0, 

(8) 

t > 0. 

(9) 


Let us mention that very recently Adamczak and Strzelecki established related results in the 
context of modihed log-Sobolev inequalities, see |ASt] . For simplicity we state their result in the 
case of symmetric measures. For A G [0,1), /9 G [0,1] and h,m > 0 the authors dehned the class 
of measures '^) satisfying the condition /i([x -|- h/x^ , oc) < Xfi{[x, oo)) for x > m. Note 

that AiAg{h, A, 0) = M{h, A). They proved that products fi = fii ® ... ® fin of such measures 
satisfy the inequality 

Entp(e0 < J (iV/l^ V \Vf\^^ dfi. (10) 


4 






for any smooth convex fnnction / : M —)■ M. As a conseqnence, for any convex set A in R” with 
/i(A) > 1/2 we have 


ju(^A + > 1 - t > 0 . 

Here the constants Cas, depend only on the parameters /3, m, h and A. They also established 
ineqnality similar to (|H]), namely for a convex fnnction / with 

\f{x)-f{y)\2<a\x-y\2, \f{x) - f{y)\i+0 <b\x-y\i+^, x,yeW^, 

one gets 

/ 3 f fl+0 t2 

^ ({/ > Med, / + 2i}) < 2 exp min ^ 

However, the anthors were not able to get ([9]). In fact one can show that for /3 = 0 onr Theorem 
[T]is stronger than (fTOj) . In particnlar, the ineqnality flTOj) is eqnivalent to 


t > 0. 


see Ea, which easily follows from ([7]). 

The rest of this article is organized as follows. In the next section we prove Theorem [H In 
Section |3] we dednce Corollaries |2] and [3l 


2 Proof of Theorem [T] 

We need the following lemma, which is essentially inclnded in Theorem 4.2 of |BG] . For reader’s 
convenience we provide a straightforward proof of this fact. 

Lemma 1. Let fi G A4~^{h, A) and let g :'E. ^ [0, cxd) be non-decreasing with g{0) = 0. Then 

j g^ dn< ~ 

Proof. We first prove that 

A J g{x) dfr{x) > J g{x — h) dfr{x) 

for any non-decreasing : R — >■ [0, cxo) snch that ^'(O) = 0. Both sides of this ineqnality are linear 
in g. Therefore, it is enongh to consider only fnnctions of the form g{x) = l[a^oo)(a;) for a > 0, 
since g can be expressed as a mixtnre of these fnnctions. For g{x) = l[a^oo)(a^) the above ineqnality 
rednces to A/r[a, cxd) > fi[a -|- h, oo), which is clearly trne dne to onr assnmption on /r. 

The above is eqnivalent to 


(1-A) 


g{x) dfi{x) < 


{gix) - g{x - h)) dg,{x). 


( 11 ) 
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Now, let us use flTTl) with g"^ instead of g. Then, 


9^ d/i < 


< 


< 


1-A 
1 

1-A 
1 

2 


{gixf - g{x - hf) d/i(a;) 

{g{x) - g{x - h)){g{x) + g{x - h)) d/i(a:) 

I (gix) - g{x - h)f dn{x)j i {g{x) + g{x - h)y dn{x) 
/ (gix) - g{x - h)f dn{x) / g{xf d/i(x) 


We arrive at 


(^J 9^ d/i^ < (^J {g{x) - g{x - h)f d/r(x)^ 


1/2 


Our assertion follows. 


□ 


In the rest of this note, we take / : M —)■ M to be convex. Let xq be a point where / attains 
its minimal value. Note that this point may not be unique. However, one can check that what 
follows does not depend on the choice of xq- Moreover, if / is increasing (decreasing) we adopt the 
notation xq = —oo (xq = C)o). Let us dehne a discrete version of gradient of /, 

{ /(x) — /(x — h) X > xo + h 

f ix) - /(xo) X e [xo - h, xo + h] . 

/(x) — /(x + h) X < Xq — h 

Lemma 2. Let / : M —)• M &e a convex function with /(O) = 0 and let /i G A4{h, A). Then 


j _g // 2^2 ^ j f){x)f dp(x). 

Proof. Step 1. We hrst assume that / is non-negative and non-decreasing. It follows that /(x) = 0 
for X < 0. Correspondingly, the function g = is non-negative, non-decreasing and 

(/(O) = 0. Moreover, let gP be the normalized restriction of g to M+. Note that g'^ G A). 

From Lemma [1] we get 


/ 


(e//2 _ e-//2)'d/i 


^ y / d/i+ < 

^^^2 j { gi ^) - gi ^ - h)f dg { x ). 


h))"^ dg'^{x) 


Observe that 


9{x) 


f(^) 


f(^) f(x-h) 

2—62 + e 2 


— g{x — h) = 6 2 — e 

f(^) 

6 2 — ( 

/ f{x) f{x — h) \ f(x) y , ^ , V V 

i^e— - < e—(f(x) - /(x - h)), 


f(^) f(^-h) 

= (62 — e 2 


< 2 


f(x) f(x-h) 

1 + e 2 2 
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where the last inequality follows from the mean value theorem. We arrive at 

J (e^/2 - d/i < j dfx{x). 


Step 2. Now let / be non-decreasing but not necessarily non-negative. From convexity of 
/ and the fact that /(O) = 0 we get \f{—x)\ < f{x) for a: > 0. This implies the inequality 
|g/(- 2 ^) _ £-/(-»;) I < |e/(^) _ x > 0. From the symmetry of pi one gets 

j (e//2-e-^/2)'d/i< j (e^/2-e-^/2)'d/x+. 

Let / = /l[o,oo)- From Step 1 one gets 

j (e//2 _ e-//2)' dfi+= 2 j (e^'/2 _ 

^ (T^ / ef^^H{Df){x)r d^,{x). 

Step 3. The conclusion of Step 2 is also true in the case of non-increasing functions with 
/(O) = 0. This is due to the invariance of our assertion under the symmetry x —)■ —x, which is an 
easy consequence of the symmetry of /i and the fact that for F(x) = /(—x) we have {DF){x) = 
iDf){-x). 

Step 4- Let us now eliminate of the assumption of monotonicity of /. Suppose that / is not 
monotone. Then / has a (not necessarily unique) minimum attained at some point Xq G M. Due 
to the remark of Step 3 we can assume that xq < 0. Since /(O) = 0, we have /(xq) < 0. Take 
2/0 = inf{|/ G M : /(?/)= 0}. Clearly yo < Xq. We dehne 


fii^) 


/(x) X > xo /• / 0 X > 2/0 

/(xo) X < Xo ’ ^ \ /(x) X < 2/0 


Note that /i is non-decreasing and /2 is non-increasing. Moreover, /i(0) = /2(0) = 0. Therefore, 
from the previous steps applied for fi and /2 we get 


b + CO 


('g/Co)/2_g I ^g//2 _ g f/2^ d/i < 

and 


b + CO 


'XQ 


'XQ 


^yo ^ 

d/i < 


cyo 


(1 - A )^ 7 _c 

Moreover, since |/(x)| < |/(xo)| on [2/o,xo], we have 

rxQ 


(1-A)2 

g/(D('(/)J)(x ))2 d/i(x). 


( 12 ) 


(13) 


(g//2 _ g-//2)- d/i < < (e^("°)/2-e-^("°)/2)V((-oo,Xo]). (14) 


'yo 


Combining flT^ . flT^ and flTT)) . we arrive at 


j (e^/2 _ g //2^2 ^ j e^^^\{Df){x)f d/i(x). 

□ 
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The following lemma provides an estimate on the inhmum convolution. 

Lemma 3. Let Ci,h > 0. Define (pfix) = -^ipo^x/h). Assume that a convex function f satisfies 
1/1 < l/{Cih). Then 

< f(x) -A\(,Df)(xp. 

Proof. Let us consider the case when x > Xo + h. We take 9 G [0,1] and write y = 9{x—h) + {l — 9)x. 
Note that x — y = hd. By the convexity of / we have 

{fD(pi){x) < f{y) + ipfix -y) < 0f{x - h) + {1 - 0)f{x) + (pi{h9) 

= ef(x - h) + (1 - 0)f{x) + 

Let us now take 9 = Ci{f{x) — f{x — h)). Note that 0 < /' < XjCfii yields 9 G [0,1]. We get 

{fO(pi){x) < f{x) - 9{f{x) - f{x - h)) + = f{x) - y(/(^) - /(^ - 

The case x < Xq — h follows by similar computation (one has to take y = 9{x + h) + (1 — 9)x). 
Also, in the case x e[xq — h, Xq + h ] it is enough to take y = 9xq + (1 — 9)x and use the fact that 
\x — y\ = \9{x — a;o)| < h9. 

□ 


Proof of TheoremUl We begin by showing that (a) implies (c). We do this in three steps. 

Step 1. We first show that it is enough to consider only the case when / satisfies |/1 < l/Cr- 
Since inf / > —oo, then either there exists a point yo such that \f{yo)\ < l/Cr, or / attains its 
minimum at some point ?/o (for example if /(x) = 2\x\/Cr, only the second case is valid). Let us 
fix this point j/q. Moreover, let us define y- = sup{?/ < yo : f{y) < —1/Cr} and j/+ = inf{j/ > 
2/0 : f'iy) > I/C't} (if f < '^/Cr then we adopt the notation y^ = oo and, similarly, j/_ = —oo if 
/' > —1/Cr). Let us consider a function g with = / on [?/_,?/+] and with the derivative satisfying 
g' = sgn(/') min{|/1, l/Cr} when /' > 0 and g' = max{/', —1/Ct-} when /' < 0 . Clearly g < f 
and g{x) = f{x) for y- < x < y+. 

We now observe that /Dip = (/Dtp. To see this recall that (/□(p)(x) = infy(/(?/) + ip{x — y)). 
The function '4)^{y) = f{y) + (p(x - y) satisfies ^p'^{y) = f{y) - (p'(x - y) > fly) - l/C^. Thus, 
for y > y^ we have ffy) > 0 and therefore fx is non-decreasing for y > y+. Similarly, fx 
is non-increasing for y < y_. This means that mfy{f{y) + ip{x — y)) is attained at some point 
y = y{x)^ [y-,y+]. Thus, 

(/□(p)(x) = f{y{x)) + (p(x - y{x)) = g{y{x)) + (p(x - y{x)) = (^□(p)(x). 

The last equality follows from the fact that the minimum oi y g{y) P (p{x — y) is achieved at 
the same point y = y{x). Therefore, since fOip = gOip and g < f, we have 



and l^fl < l/Cr- 

Step 2. The inequality ([6]) stays invariant when we add a constant to the function /. Thus, we 
may and will assume that /(O) = 0. Note that from the elementary inequality Aab < (a -|- 6)^ we 
have 




Thus, it is enough to show that 


J + e '^) d/i < 2. 

Step 3. Assume |/'| < 1/Cr- Take Ci = 17/(1 — A)^, Cr = Cih and ‘p{x) = !po{x/Cr)- 
By the convexity of (^o we get (^(x) < since Ci > 1. Thus, by Lemma [3] we get 

/□v? < f{x) — \Ci\{Df){x)\^. By the mean value theorem \{Df){x)\/h < l/Cr- Therefore, 
lCi|(iA/)(x)p < = l/2C'i. Let a(C'i) = 2C'i(l — exp(—^)). The convexity of the 

exponential function yields < 1 — a{Ci)s, s G [0, l/2C'i]. Therefore, 

j + e-f) dii< j d,^(x) 

< j (l - lc.a(Ci)|(£>/)(x)|=) + e-'^A df.(x). 

Therefore, since + e“7 — 2 = (e^A — e“ 7 / 2 ) 2 ^ pj-Qve that 

j d/i < Y«(Ci) j d/i(x). 

From Lemma [2] this inequality is true whenever ^Cia(Ci) > If suffices to observe that 


^C'i«(C'i) = C! (l - e-^) 



gi ^ gi 8 

2 + ^ 2 + 1 (1-A)2 


We now sketch the proof of the fact that (c) implies (b). Due to the standard approximation 
argument one can assume that / is a convex smooth function with bounded hrst and second 
derivative (note that in the dehnition of the convex Poincare inequality we assumed that /' is 
bounded). Consider the function = ef. The inhmum of Axiy) = +(?/) + ^/(^ ~ v) is attained at 
the point y satisfying the equation = (p'{y)—ef'{x—y) = 0. Note that Ax is strictly increasing 

on the interval [—Cr-, Cr\- If £ is sufficiently small, it follows that the above equation has a unique 
solution yx and that yx G [—Cr,Cr\- Thus, yx = C^ef'{x — yx)- This implies yx = eC^f'{x) + o(e). 
We get 

/□+(x) = ip{yx) + ef{x - yx) = - ^Clf{x)) + o{e‘^) 

= \^‘^Clf{xf + ef{x) - e^Clf{xf + o{e^) 

= ^f{x) - ^e^C^fix)^ + o(e^). 

Therefore, from the inhmum convolution inequality we get 



i£2c2/'(+Wo(+) 




d/r ) < 1. 


Testing ([6]) with f(x) = |x|/Ct- one gets that f e'^ dju < oo and therefore f < oq_ Also, 

there exists a constant c > 0 such that |/(x)| < c(l + |x|), x G M. As a consequence, after some 
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additional technical steps, one can consider the Taylor expansion of the above qnantities in e = 0. 
This gives 

(^J (^ + {^j “ ^/ + d/r^ < 1. 

Comparing the terms in front of leads to 

/ /" df, - (I / d,*) < j r dfi. 


This is exactly the Poincare ineqnality with constant \C^- 

We show that (b) implies (a). Suppose that a symmetric Borel probability measure /i on 
M satishes the convex Poincare inequality with a constant Cp. Consider the function fu{x) = 
max{a: — u, 0}, u > 0. We have 

[ l/«(a;)r d/i(x) =/i([M,cx))). 

Jr 

Since fuiv) = 0 for y < 0 and /i((—oo, 0]) > 1/2, one gets 

Var^/„ = \ [ [ ifu{x) - fuiy)f dfi{x)dfi{y) >^ [ f {fu{x) - fu{y)f dn{x)dfi{y) 

^ Jm. Jw ^ Jm. J—oo 

> 7 / {fu{x)fd^i{x) > 7 / {fu{x)fdfi{x) > 2Cp/i ([u + cx))) . 

^ Jr ^ ^^ ^ 


u + \/8Cp, oo 


These two observations, together with Poincare inequality, yield that p G A1 (a/8^, 1/2). □ 


3 Concentration properties 


We show that the convex property (r) implies concentration for convex sets. 

Proposition 1. Suppose that a Borel probability measure p on M"" satisfies the convex property 
(r) with a non-negative cost function ip, restricted to the family of convex functions. Let Bp{t) = 
{x G M"" : (p{x) < t}. Then for any convex set A we have 

The proof of this proposition is similar to the proof of Proposition 2.4 in [LWj . We recall the 
argument. 


Proof. Let / = 0 on A and f = oo outside of A. Note that / is convex (to avoid working with 
functions having values +cxo one can consider a family of convex functions /„ = ndist(74, x) and 
take n —)■ oo). Suppose that {fDip){x) < t. Then there exists y eMP such that f{y)-\-ip{x — y) < t. 
Thus, y E A and x — y E B^{t). Therefore x E A-\- Bp{f). It follows that x ^ A -\- B^{t) implies 
(/□(/9)(x) > t. Applying the inhmum convolution inequality we get 


e*(l ~ T — 



< 1 . 


Our assertion follows. 


□ 
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We are ready to derive the two-level concentration for convex sets. 

Proof of Corollary\^ The argnment is similar to [Ml Corollary 1], Dne to Corollary [H /i = 
Hi ® ® Hn satishes property (r) with the cost fnnction (p(x) = Yll=iPo{xi/Cr)- Snppose 

that < t. Dehne y,z G M” in the following way. Take yi = xt if \xi\ < Cr and yi = 0 

otherwise. Take Zi = Xi if |xi| > Cr and Zi = 0 otherwise. Then x = y + z. Moreover, 

n n n 

'^PiVi/Cr) + '^p{Zi/Cr) = '^(p{Xi/Cr) < t. 

1=1 2=1 2=1 

In particnlar < 2C‘^t and t > > |kli/Cr, since \zi\ — ^\zi\ for \zi\ > 1. 

This gives x G '/^CrB'f + 2tCrB'f. Our assertion follows from Proposition [H □ 

Finally, we prove concentration for convex Lipschitz functions. 

Proof of Corollary The proof of ([8]) is similar to the proof of Propositon 4.18 in [Q. Let us 

dehne a convex set A = {f < Med^ /} and observe that h{A) > 1/2. Moreover, 

A + CriV^Bf + 2tB^) C {/ < Med^ / + Cr{aV^ + 2bt)}. 

Applying Corollary |2] we get 

/i ^|/ > Med^ / -f Cr{aV^ + 26t)| j < 2e“\ f > 0. 

Take s = Cr{ay/^ + 2bt) and r = s/Cr- Suppose that | Then 


ox/2i + 2» = r > 1 + y = + 26^ > + 26^. 

By the monotonicity of x i—)■ -|- 2x6, x > 0 it follows that | min , §} = < T Moreover, 

A T > then 
0 — ’ 


ax/a + 2« = r > -r + ^ = + 2b—^ > a^2—^ + 2b— 


Therefore, |min{^, ^} = ^ < t. Thus, 


fi ({/ > Med^ / -|- rCr}) < 2e ^ <2 exp 


— mm 



t > 0 . 


For the proof of ([9]) we follow [Tj. Dehne a convex set B = {f < Med^ / — Cr{ay/^ + 2bt)} 
with f > 0. It follows that 


A + Cri'MBlf + 2tB^) C {/ < Med^ /} 


and thus Corollary [2] yields 


^>h(a + Cr{\/2tBf + 2tB^)) > 1 




KB)' 


Therefore < 2e *. To hnish the proof we proceed as above. 


□ 
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